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and strictly increasing function whose endpoints lie on BRi and the basins of attraction By
and B, of the two exclusion equilibria (x, w) = (J, 0) and (x, y) = (0, j.), respectively, are
open, invariant, disjoint, and connected sets that satisfy

RY/W}, = B, UB,.

Similarly the stable manifold W7, of the equilibrium z = A*, w = a* is the graph of a contin-
uous and strictly increasing function whose endpoints lie on aRi and the basins of attraction
B, and B, of the two exclusion equilibria (z, w) = (A,, 0) and (z, w) = (0, a.), respectively,
are open, invariant, disjoint, and connected sets that satisfy

R3/W:, = B, U B,,.

Using the sets By, By, B; and B,, we can describe the basins of attraction of the stable equi-
librium and 2-cycle given in Theorems 3.2(c) and 3.3 for the competition model (14). Define
the open sets

Bja2{(J,A,j,a)eR}:(J,j) € B,and (A,a) € B;}
Bjs £{(J, A, j.a)€ R, :(J,j) € Byand (A, a) € B,}
Bja 2{(J. A, j.a) € R} : (J,)) € B, and (A, a) € By}
Bja £ 1{(J, A, j,a) e Ry : (J, ) € Byand (A, a) € B.} (20)

in R4+. Note that Ri/(BJA U B, U By, U Bj,) has measure zero. In fact, a point in R4+ not
in this set must have an associated pair (J, j) or (A, a) that lies on a boundary of B, or B,.

THEOREM 3.4  Assume (13) and (19). For c sufficiently large, solution sequences in Ri of
the competition model (14) with initial conditions lying in By, U Bj, U By, U Bj4 satisfy the
following alternatives ast — —+00 :
Competitive exclusion
(Jo, Ao, jo, a0) € Bja = (Ji, Ay, jisar) —> (Je, A, 0, 0)
(JOs AOs jOs ao) € BJa = (Jtv Ats jtv at) — (07 07 jev ae)

Competitive (2-cycle) coexistence
(J2r, A2y Jors aze) —> (Je, 0,0, a,)

(Jo, Ao, jo, a0) € By = . .
(241> Azetts Jargrs az1) —> (0, Ae, Je, 0)

. (J2r,A2z,j21, a2[) — (05 A€7j€70)
(Jo, Ao, Jo, a0) € Bja = _
(o115 A2ists Jortts 1) — (40,0, a,).

4. Discussion

The triple-attractor case in Theorem 2.4 (and 3.4), in which both coexistence and exclusion
attractors are represented, is unusual in competition models. Even more unusual is that this
case occurs when the inter-specific competition coefficients are large. In the stage-structured
Leslie-Gower model global competitive exclusion occurs only for intermediate levels of inter-
specific competition (where global exclusion occurs in cases (7b, ¢) in Theorem 2.4). From an
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initial condition where one species competitively excludes the other, the model allows the two
species to attain coexistence by either a decrease or an increase of the competition coefficients.
This result seemingly contradicts the classic competitive exclusion principle, at least when
that principle is expressed by the assertion that in order to coexist two species must decrease
the intensity of their inter-specific competition.

There is a reconciliation, however, and that lies in the observation that the juvenile classes
are never simultaneously present in the 2-cycle coexistence attractor in Theorem 2.4 (and 3.4).
Therefore, after arriving at this attractor no competition occurs between the species. Large
values of the competition coefficients in a model represent the potential for strong competitive
interactions, should such interactions take place. In the stage-structured competition models
(5) and (12) it is possible for the species to avoid inter-specific competition by synchronizing
their life cycle stages. This observation shows that there would be no contradiction to the
competitive exclusion principle if this principle were stated slightly differently (as it often
is in the ecological literature): in order to survive a species must find a way to minimize or
avoid competition from other species (i.e. find its ‘niche’). What our results show is that the
competition coefficients in a model might not relate in a straightforward way (e.g. by means of
their magnitudes) to this form of the competitive exclusion principle. However, the model (5)
also questions this formulation competitive exclusion principle. This is because the ‘avoidance’
coexistence 2-cycle in Theorems 2.4 and 3.4 in fact exists for all values of the competition
coefficients, including small values where global equilibrium coexistence occurs. In this case
rather than seeking to avoid competition in order to coexist (by tending to the avoidance
2-cycle), the two species coexistence in equilibrium where competition is not avoided.

Appendices

Al The Leslie-Gower model
To analyze the stability properties of these equilibria we will use the following facts about the
Leslie-Gower competition model (2) [13, 18, 24]:

1
_x
L+ crix; +cioy

1
1 + c21%; + c2 )y Y

Xi41 = by t

Vis1 =b

There exist three nontrivial equilibria, namely,

(-xv y) = (Xg,o), (07 yE)v (-X*v y*) (Al)
where
A b —1 A br—1
Xe = s Ve =
C11 €2
LA by —1) — (b — Dcpp ya criby = 1) —co(by — 1)
C11C22 — C12€2] ’ C11C22 — C12€2] ’
Assuming b; > 1, then
by —1
c1z < 2y
bl | = (x*, y*) is GAS on Ri (A2a)
| —
€21 < Cq1

by —1
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by — 1
12 < C22b 1
b' | = (e.0) isGAS on R (A2b)
C21 > (1 b; _1
by — 1
C12 > C22b 1
b' [ [ = 0.3 is GAS on K (A2¢)
L
0] < Cllb2 1
by —1
C12 > C22b _1
bl | = @00, (0. y0) are LAS and (x”, y*) s a saddle. (A2d)
L
1 > C11 b2 1

In the latter case, the stable manifold W* of (x*, y*) lies on the graph of a strictly increasing,
continuously differentiable function and R2 = B, U B, U W* where B, and B, are the open,
disjoint and connected basins of attraction of (x.,0) and (0, y.), respectively (Theorems 5 and
6 in [24]).

A2 Proof of theorem 2.2

Case (a). The inequalities concerning the coefficients in this case correspond to the option
(A2a) in the Leslie-Gower system (9) for the subsequences of juvenile components. Given an
initial condition (Jo, Ao, jo, @) € R}, and hence an initial condition (xo, yo) = (Jo, jo) € R%
for the even step subsequence, it follows from Appendix Al that the juvenile components
(J2¢, jar) of the even step subsequence converge to (J*, j*). (See (Al).) Since (Jy, Ao, jo, @o) €
Ri implies (Ji, Ay, j1,a1) € Ri, the initial condition (xg, yo) = (J1, j1) € Ri and the odd
subsequence of the juvenile components (Ja,41, jor+1) also converge to (J*, j*). It follows
that the time series of juvenile components (J;, j,) converges to (J*, j*). From this conclusion
equations (5) imply

1
lim Ay =5—————— J* = A*
100 L+ J*+cj*

1

lim =5—J
lim ay. szl Yo+ j*j
To complete the proof that the coexistence equilibrium (J*, j*, A*, a*) is GAS on Ri we
need to show that it is LAS.

The characteristic polynomial p()) of the Jacobian

0 b 0 o
. (Ad, + 1)?
_siGa+l 0  sad .
MU, A, joay=| U Hia+D? (J + jei + 1)2 ;
0 0 0 b
(ady 4 1)?
$2€2] 0 s(Jer+ 1)

TG+ Jo+ 1) G+ Jor+1)2
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of (5) is quadratic in A2 Specifically, p(L) = q(kz) where

g@) 2 —aiz+a

1+C1j 1+6‘2J
ni 3 — +n2 3 )
(14+diA2(1+J +c1j) (1 4+ dra)2(1 + coJ + j)

14+cJ +cij
niny N N
(A +di A1+ dra)>)(A+ T +c1j)*(1 4+ c2d + j)?

(>

ap

A
a) —

The roots A of p have magnitude less than 1 if and only if the roots z of ¢ do. Since a; > 0
the roots of z of the quadratic ¢ have magnitude less than 1 if and only if the Jury conditions®
hold if (and only if)

l—a+a, >0, a <]l. (A3)

If (at least) one of these inequalities is reversed, then there is a root A of magnitude greater
than 1. To establish the local stability of an equilibrium by means of the linearization principle
we need to evaluate a; at the equilibrium and investigate the two inequalities (A3).

Consider the coexistence equilibrium (J*, j*, A*, a*). Multiplying together the first two
equilibrium equations and then the last two equilibrium equations, we find that

ni=0+dAA+ T +c1j%)
ny=(1+da" )1+ j" +c2J%) (A4)
and hence
mny = (1+di A1 + dpa™) (1 + J* 4 170 + j* + ).
It follows that

1 1 1+ cJ*+cj*

a»r» =
STl dA L+ doar L+ T+ 1) + j* + )

is less than 1 (because each factor is). It also follows that

1—a1+a2=1—(

— Dy — 1 1 1
- De—1) (1 - ¥ — clj*> :
n

niny nz—l 1—1

14 cj* n l+ch*>+ 14+cJ*+cij*

ni nz ninz

The formulas for J* and j* yield, after some algebra,

14+d 14+d —
1—a1+a2=( +dis)(1 + das2) C]CZJ*J.*.
niny

The inequalities in case (a) imply this expression is positive.

"The roots of the quadratic 2+ Bz + « satisfy |z| < 1 if and only if |o| < 1 and |B]| < 1 4 «. If one of these
inequalities is reversed, there is a root satisfying |z| > 1.
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Case (b). The inequalities concerning the coefficients in this case correspond to the option
(A2b) in the Leslie-Gower system (9) for the subsequences of juvenile components. Given an
initial condition (Jo, Ao, jo, a0) € R%, and hence an initial condition (xo, yo) = (Jo, jo) € R%
for the even step subsequence, it follows from Appendix A1l that the juvenile components of
the even step subsequence (Jy, j»;) converge to (J,, 0) (See (Al).) Since (Jy, Ao, jo, ao) €
Ri implies (Ji, Ay, j1,a1) € Ri, the initial condition (xg, yo) = (J1, j1) € Ri and the odd
subsequence of the juvenile components (J241, joi+1) also converges to (J,, 0). It follows
that the time series of juvenile components (J;, j;) converges to (J,, 0). From this conclusion
the equations (5) imply

1
Iim A, =
t_)1+oo 1+1 S1 1+ J,

J. = A,
lim ar+1 = 0.
t——+00

To complete the proof that the coexistence equilibrium (J,, A., 0, 0) is GAS on Ri we need
to show that it is LAS. The Jacobian

My My
M(J., A.,0,0) = 0 M
2

is block triangular with

0 by
My = s>(1 +disy)
Cg(l’ll — 1) + 1 +d1S1

The eigenvalues of M, are less than one in magnitude since this matrix is the Jacobian of the
J, A single species model (2.1) and n; > 1. The remaining eigenvalues of M (J,, A., 0, 0) are

those of M,,, which are
A:i\/ na(1 + dysy)

ey — 1)+ A +disy)

and hence, under the assumptions of case (b), are less than one in magnitude.

Case (c). This case is proved analogously to Case (b).

Case (d). The proof that (J., A., 0, 0) is LAS is the same as the proof in Case (b).
An analogous proof shows (0, 0, j., a.) is LAS. From the calculations in the proof of Case (a),
we find in this case that the coefficients a; that define the characteristic polynomial p(A) =
q(A?) of the Jacobin associated with coexistence equilibrium (J*, j*, A*, a*) satisfy

a; >0,1—a;+a, <0and a, < 1.

It follows that ¢ (z) = z*> — a1z + a, has two positive real roots 0 < z; < 1 < z, and that two
eigenvalues A = %,/z1 are less than one in magnitude and two eigenvalues A = £.,/z, are
greater than one in magnitude. Therefore, (J*, j*, A*, a*) is a saddle, with two-dimensional
stable and unstable manifolds.

A3 Proof of theorem 2.3

We investigate the stability of each of the six 2-cycles (10) consecutively. By the linearization
principle, a 2-cycle that oscillates between points (Jy, jo, Ao, ag) and (J1, Ay, ji, a;) is LAS
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if the eigenvalues of the product M (Jy, jo, Ao, ag) M (J1, Ay, ji,a;) are less than one in
magnitude. If one eigenvalue has magnitude greater than one, the 2-cycle is unstable.

In the proof of Theorem 2.4 we calculated the eigenvalues (11) of the product
M(J,,0,0,a,) M(0, A, j, 0). In cases (7a,b,c) at least one of the eigenvalues X, or Az
is greater than one. Therefore, the 2-cycle C; is unstable in these cases.

Calculations show that the matrices

M(©0,0,0,a,)M(0,0, j., 0)

M(O’ AE! 05 O)M(Jea 07 O’ 0)

are, respectively,

nj

rE— 0 0 0
ClJe +1
0 n 0 0
_ n2C3 je ny
(Je + D*(dra, + 1)? (Je + D*(dra, + 1)?
0 0 0 ny
ny nicyJe
— 0
(Je + D*(d1 A, + 1)? (Je + D?(d1 A, + 1)?
0 ni 0 0
0 0 _Mm 0
o, +1
0 0 0 ny

Both of these matrices have eigenvalues n; > 1 and, as a result, the 2-cycles C, and C; are
unstable in all cases (7).

In Cases (7a,d) the 2-cycles C4,Cs and Cg lie in Iéi. A calculation shows
MO, A*,0,a*)M(J*, 0, j*, 0) equals

ny(crj*+1) nicyJ”
(diA* + D2(J* +c1j* + 1)? (AT 12U+t D2
0 ni 0 0
_ n262j* nz(Cz.]* + 1) 0
(dra* + D2(j* + cpJ* + 1)? (dra* + D2(j* + cpJ* + 1)?
0 0 0 ny

This matrix has eigenvalues n; > 1 and consequently the 2-cycle Cy is unstable.
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To investigate 2-cycle Cs we calculate the product of the two Jacobians M (J,, A*, 0, a*)
and M(J*, A,, j*, 0), which turns out to be

ny(crj* +1) nicyJ*

0 - 0
(diA* + 1D2(J* + c1j* + 1)? (d1A* + 1D2(J* +c1j* +1)2
0 ni 0 _ bysic1J,
(Je + D2(d1 A, +1)2 (Je +1)2
nycy j* 0 na(caJ* + 1) 0
(dra* + 1)2(j* + caJ* + 1)2 (dra* + 1)2(j* + caJ* + 1)2
0 0 0 2
cJ.+ 1

which, by formulas (6) and (4), reduces to

C]j* +1 0 _C]J* 0
ni ni
0 1 0 bycisiJe
n (Je + 1)2
_Czjﬁ< 0 cJ* +1 0
nyp ny n
0 0 0 .
cJ,+1

One eigenvalue of this matrix is A; = nl_l < 1. Another eigenvalue

ny ny(1 4 dysy)
edo+1 7 cng— 1)+ (1+disy)

is greater than one in case (7a), but less than one in case (7d). To investigate the latter case,
we factor the characteristic polynomial

ny+ny+cnJ*+cinyj* 14+ cJ* 41 j*
P = (= A — 1) ()»2 - 1 o+

ninz ninz
and consider the two roots of the quadratic polynomial

ny+ny +cngJ* +Cli’l2j*)\ n 1+cJ"+cj*
niny niny '

)\’2

In case (7d) the first Jury inequality (A3) for stability is reversed for this polynomial and hence
it has a root larger than one in magnitude. This follows from a calculation that shows

ny+ny+cnJ*+cinyj* n 14+ cJ* +cpj*
niny niny

_ (ciny — 1) = (1 +daso)(ny — D) (ca(ng — 1) — (1 +dis))(m2 — 1))
nina((1 +dis)) (1 + dasz) — crc2)

l—a+a,=1-—

and hence 1 — a; + a> < 0 in both cases (7a, d). We conclude that the cycle Cs is unstable.
The analysis of the 2-cycle Cg, based on the eigenvalues of M (0, A*, j,,a*)M(J*, 0, j*, a.)
is analogous to that of Cs.
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A4  Proof of theorem 3.1

Solving the equilibrium equations
J=bf(A)A, A=sg(J)J
is equivalent, for nontrivial equilibria, to solving the equation

bf(sg(J)J)sg(J) =1

for />0 and then letting A =sg(J)J. The left side of the equation, namely
bf(sg(J)J)sg(J), is strictly decreasing in J > 0, equals n > 1 at J = 0, and approaches
0 as J — 400. As a result there exists a unique root J, > 0 of the equation and a unique
positive equilibrium (J,, A.) = (J., sg(J.)J.). The eigenvalues of the Jacobian evaluated at

this equilibrium
0 bh'(A,)
sk'(J,) 0

satisfy the characteristic equation A> = bh'(A,)sk’(J,) > 0. Since

0 < bh'(A,) = bf (Ao) + bf' (A A, = % +bf'(ADA, < %

e e

A, A
0 < sk'(Je) = sg(Je) + 58" (Jo) . = -+ sg'(Je)Je < T (AS)
e

e

it follows that A> < 1 and the equilibrium is LAS.

To see that the equilibrium (J,, A.) is GAS on R; we consider the odd and even time
step subsequences (Jos+1, Azr+1) and (Jyr, Ay,) of a solution (J;, A;) sequence, both of which
satisfy the uncoupled system

(@) xpq1 = bh(sk(x))
(b)) yir1 = sk(bh(y,)). (A6)

These equations define one dimensional, bounded, monotone maps and hence their solution
sequences are monotone and convergent. The origin 0 is unstable for both equations (the
linearization at O has coefficient n > 1), and no solution with positive initial condition can
approach it. Each has a unique positive equilibrium (x = J, and y = A, respectively), which,
therefore, is approached by all solutions with positive initial conditions.

If Jo > 0 and Ay > 0O, then both odd and even subsequences (Ja;+1, Az+1) and (Jo;, Azy),
and hence the solution sequence (J;, A;) itself, converge to (J,, A.). This shows (J,, A,) is
GAS on Ri.

If, on the other hand, either Jo > 0 and Ag = O or Jo = 0 and Ag > 0 then the odd and even
subsequences converge to different limits, one to a positive limit (J, or A, respectively) and
the other to 0. This means the sequence (J;, A;) converges to one of the phases of the 2-cycle
whose points are (J,, 0) and (0, A.). The 2-cycle is LAS because, as (AS5) shows, J, and A,
are LAS fixed points of (A6a) and (A6b), respectively. |
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A5  Proof of theorem 3.3

The 2-cycle (17) is stable if the equilibrium (x, y, z, w,) = (/,, 0, 0, a.) of the composite
system (16) is stable. The Jacobian of (16) is block diagonal

M(xvy,z,w)=<D1(x’)’) 02><2 )

02x2 D;(z, w)

where the 2 x 2 matrix D;(x, y) is the Jacobian of equations (16a, b) and the 2 x 2 matrix
D5 (z, w) is the Jacobian of equations (16¢, d). (0, is the 2 x 2 zero matrix.) The eigenvalues
of the Jacobian at the equilibrium (x, y, z, w) = (J., 0, 0, a,.) are the eigenvalues of D;(J,, 0)
and D, (0, a,).

A calculation shows the eigenvalues of

Dy, 0) = nih\ (ADk (Je)  nich|(A)g (Jo)J.)
0 nag>(cpJe)
are
A = bk (A)sik () > 0
Ay =naga(epJe) > 0
Now

Je Je
0 < b1k (A,) = by fi(A,) + b1 f{(A)A, = ™ + b1 fl(A) A, < —
e

A,
A, A,
0 < 51k (Je) = s18,(Je) + 5181 (Je) e = 7 + 5181 (Je)Je < 7
e e

and hence 0 < A < 1. The second eigenvalue X, approaches 0 as ¢ — 400 and hence 0 <
Az < 1 for c sufficiently large.

The remaining two eigenvalues of M(J,, 0, 0, a,.) are those of D;(0, a.). A calculation
shows

D0, a,) = ( n1g1(cje) 0 )

SZCpblgé(je)je nZh/z(ae)ké(]e)

whose eigenvalues are

A3 =ni1g1(cje) >0
)\4 = nzh/z(ae)ké(je) > 0.

Since A3 approaches 0 as ¢ — 400 , it follows that 0 < A3 < 1 for ¢ sufficiently large. An
argument similar to that used to study A, shows 0 < A4 < 1. Thus, the eigenvalues of D, (0, a.)
also satisfy 0 < Az, A4 < 1 for ¢ sufficiently large. ]
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A6. Proof of Theorem 3.2d, e

Fart (d). The equilibrium equations

J =b1fi(A)A
A=si181(J +¢cj)J
J=byfa(a)a

a=sg(pct +j)j
of (14) are equivalent to the equations
J =bfitsigi(J +cj)Dsigi(J +¢j)J
J = b2 fr(s282(cpT + j)j)s282(cpd + J)Jj

A= Slgl(J + C])J
a=syg:(co + j)j. (A7)
To solve these equations for positive J, j, A, a is equivalent to solving the first two equations

for (J, j) € Ri and using the second two equations to define positive A, a. Rewriting the first
two equations as

J =bih(s181(J +¢j)J)
J = bahy(s282(cpJ + j)j) (A8)

we see that any positive solutions (J, j) must lie in the open, bounded set r; x r, where
ri £1bihi(—8), bih;(c0)[.
On r; X rp the equations (A8) are in turn equivalent to the equations
gi(J +cj)=s; hy oy T
g2(cpd +j) =sy'hy by "

Since the range of g is the unit interval [0, 1[, for any positive solution the right hand sides
of these equations must lie in ]0, 1[. Thus, these equations are equivalent to

T+cj=g ' sy hy by I
epd +j =g "5 hy by HiTh (A9)

for (J, j) € 7| x r, where the sets

[1>

{(Jer sy a7 NI <1} CRY
{

7y
)

(1>

jer:sy 'y by )it <1} C RY

are open. Under assumptions (13) &; and hence hi_1 are twice continuously differentiable. Since
hi_1 (0) = 0, it follows that i, ! (b; LAV ARET continuously differentiable on r;. As a result, the
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right hand sides of equations (A9) are continuously differentiable on 7;. Calculations show
}ir%sl—lh;‘ b' NIt =at <1

1_ir%s2_1hz_1(bz_lj)j_1 =n' <1
J=

and hence 0 € 7;. Rewrite (A9) equivalently as
E=c"FE) (A10)
where £ £ (J, j) € 7, x 7 and where F(§) = (Fy(j), F»(J)) is defined by
Fi() 2 p7 (= + 83 55 hy ' (031 D)
()2 —J+g7 67 by I,

Note that £ € C1(F; x 7, R%).
Choose ¢ > 0 so small that

D(s) 2[0,¢] x [0,8] C 7 X 7.

For ¢ sufficiently large, cF D(e) — D(¢g). Since the first orderAderivatives of F; are
bounded on [—¢, ¢] it follows that for each c sufficiently large ¢~!F is a contraction and
therefore has a unique fixed point (J*, j*) = (J*(c), j*(c)) € D(¢).

Since

Fil(0)=p""'g5'n5") #0
F0) =g (7" #£0

it follows that J*(c¢) > 0 and j*(c) > 0. This positive fixed point yields the positive
equilibrium (J*(¢), A*(c), j*(c), a*(c)) of (14) where

A% (c) =s5181(J*(0) + ¢j*(€)) " (c)
a*(c) = s282(cpJ*(c) + j* () j* (o).

Part (e). We begin by noting that from

h') = Le +0(6?)
’ h; (0)

and 4}(0) = 1 we have
lim h;'(0)0~" = 1.
6—0

Both Fi(j) and F,(J) are bounded for (J, j) € D(¢) and it follows from (A10), i.e. from
the equations

J*(c) = ¢ 'Fi(j*(0)
j*©) = ¢ ' R(J*(0)),

that

lim J*(c) = lim j*(¢) =0
c—>00 c—>00
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and
lim ¢J*(c) = lim F;(j*(c))
c—> 00 c—> 00
= lim p~! (=ba0 + g3 ' (53 b3 'y (0)071)
=plg;! <b2_'s2_1 gin})h;'(e)el)
or

Jim cJ*(e) = p~'gy 'y ).
A similar calculation shows
lim ¢j*(c) = ;' (7).
Using these limits, we can calculate the limit, as ¢ — 400, of the Jacobian of (14) evaluated
at the equilibrium (J*(c), A*(c), j*(c), a*(c)) and obtain

0 by 0 0
by 0 plsigler g s 0
0 0 0 by
ps:8y(gy (ny Ng ') 0 by 0

The characteristic polynomial of this matrix is A* — 242 4 (1 — p) where

pE g (g (7" Negr (i H1nagh(gy ' (ny ' )gy ' (ny H].

Thus A2 = 74 where

2o 2 41 Imgl e oy gy (7 ) imagh(ey (n3 ) (g5 (ny 1.

Note that n; > 1 implies

nig(g; ' (n7")eg;
This follows from (13) because

1 /
mgi(x)x > —1

1(nlfl) > —1.

— gi(X)x +g(x)>0
< ki(x) > 0.
It follows that
g (g7 (n7 g (nTH1nagh (g7 (nyHes ' (nyH1 < 1

and hence

O<zo <l <zy <2,

Hence, for c sufficiently large, the four eigenvalues A of the Jacobian are real and satisfy
—/2 < A <—1<A2<0<A3<1<A4<«/§.

Thus the equilibrium is a saddle (with, locally, a two-dimensional stable manifold and a
two-dimensional unstable manifold).
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AT7. Proof of Theorem 3.4

The theorem below is a corollary of Theorems 5 and 6 in [24]. Denote two of the quadrants
determined by a point (x{, y;) by

O1(x1,y) ={(x,y) :x1 < x, y2 <y}
Q3(x1,y1) = {(x,y) :x1 > x, y2 >y}

THEOREM 4.1 [24] Suppose T : Ri — Ri is strongly monotone. Assume

(a) T has a unique fixed point (x*, y*) € R_%_

(b) (x*, y*) is a saddle

(c) either
() det J(x*, y*) > 0and T'(x, y) = (x*, y*) = (x, y) = (x*, y¥)
(ii) T has no prime period two orbits in Q1(x*, y*) U Qz(x*, y*).

The global stable manifold W* = W*(x*, y*) is the graph of a continuous and strictly
increasing function whose endpoints lie on E)Ri. Let

B, ={(x,y) € Ri/W‘Y :3(xy, y1) € Wisuchthat x < x1,y > y}
B, ={(x,y) € Ri/W‘ :3(xy, y1) € W suchthatx > x1,y < y1}.

Then B, and B, are open, invariant, disjoint, and connected and satisfy
R:/W? = B, U B,.

Suppose further that T = (T, T») has a unique fixed point (x., 0) on the positive x-axis
such that x > x, implies Ty (x, 0) < x. Then By is the basin of attraction for (x., 0) Suppose
T = (T, T») has a unique fixed point (0, y,) on the positive y-axis such that y >y, implies
15(0,y) < y. Then B, is the basin of attraction for (0, y.).

Let T: Ri — R}_ be the strongly monotone map defined by the equations (16a, b). For ¢
sufficiently large we apply Theorem 4.1 to obtain the sets B, and B,. Define the open sets
(20) in RY.

Recall the even and odd step subsequences of any solution of the competition model (14)
satisfy the equations (16a, b). In the following lemma we refer to pairs (J, A) and (j, a) as
associated components of (J, A, j,a) € Ri.

LEMMA 4.1 Assume (13) for the competition model (14). If the even-step (or odd-step) sub-
sequence of a solution sequence in Ri converges to a point which has a 0 component, then the
odd-step (respectively even-step) subsequence of the orbit cannot approach a point in which
the corresponding associated component is nonnegative.

Proof We prove the lemma for the even-step subsequence of a convergent solution sequence.
The proof for the odd-step subsequence is analogous.
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Let (J;, Ay, jiya;) € Ri be any solution sequence of (14) and suppose the J component of
the even-step subsequence converges to 0:

llm (szv A2t’ jzta aZt) — (0’ Ae9 jev ae)-
t—+00

The proofs are similar should any one of the other three components converge to 0. For the
purposes of contradiction, assume

tiigloo(hzﬂ, A1, o1, az1) — (J2, A%, j%,a%), A°>0.

If we choose t > 0 so large that
1 2
0<Jy <-—A%and Axqr > =A°
3S1 3
then from the second equation in (14) we arrive at the contradiction

. I,
Agp1 = s5181(Jor + ¢jor) Jor < 51 < §A .
||

LeEmMMA 4.2 Assume (13) for the competition model (14). For the map T defined by the
competition system (14) we have

TIB]A—>B]A, TIBja—>Bja

T:Bja—>BjA, T:BJ‘A—>BJa.

Proof We’ll give the proof for T : Byj4 — Bja. The proofs for the other three cases are
similar. Assume (J,, A,, j,, dy) € Bja. By the definition (20) of B, , it follows that

hm (J2taA219j213a21) = (J67A8107 O) (All)
r—>+00
If (Ji, A1, ji1, a1) € Bj, then by the definition (20) of B, it would follow that
lim (J2t+la A2l+17 j2t+17 a2t+1) - (07 03 jea ae)’
—+00

which together with (A11) yields a contradiction to Lemma 4.1. If (J;, Ay, ji, a1) € Bj4 then
by the definition (20) of B4 it would follow that

im (Joi41, Azt J2t1, a2e1) = (0, Ag, je, 0)
t— 400

which together with (A11) yields a contradiction to Lemma 4.1. Similarly, a contradiction
arises if (Ji, Ay, ji1,a1) € By,. Finally, if

(J1, Ay, ji,ap) € Ri/(BJA UBj,UBjy,UBjj),

then (Jy, ji) and/or (Aj, a;) would lie on the boundary of a basin and hence on the sta-
ble manifold of the positive equilibrium (J*, j*) and/or (A*, a*). In this case, (Jar41, j2r+1)
and/or (Aj 41, ax+1) would tend to the positive equilibrium (J*, j*) and/or (A*, a*). Either
case, together with (A11), is a contradiction to Lemma 4.1. The only alternative left is that
(J1, A1, j1,a1,) € Bya. n
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Proof of Theorem 3.4.  'We can now enumerate the possibilities for all orbits with initial con-
ditions in By4 U Bj, U By, U Bj, (i.e. all orbits in Ri except for a set of measure zero).
This is done by interlacing the asymptotic dynamics of the even and odd step subsequences
of the solution sequence. We illustrate with one case. The other cases are similar. Sup-
pose (J,, Ao, jo, @o) € Bya. Then by the definition (3.9) of B;4 we have (J,, j,) € B, and
(A,, a,) € B;. Hence, the even step subsequences (Jo, jor) and (Ao, ay;) approach (J,, 0)
and (A., 0), respectively. Lemma 4.2 implies (J;, Ay, ji,a1) € By and hence the odd step
subsequences (Jo+1, jor+1) and (Azy1, az4+1) approach the same limits. Consequently, the
solution sequence (J;, Ay, j, a;) approaches (J., A., 0, 0).
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